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Integration

2.1. Introduction. This chapter contains results related to finding the integration of a given function

which help students in further studies of curves in various fields.

2.1.1. Objective. The objective of these contents is to provide some important results to the reader like:

(1) Integration.

(i1) Definite integrals.

(i11) Finding area.

(iv) Leontiff Input-Output Model.

2.1.2. Keywords. Integrate, Model, Definite Integral.
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2.2. Integration. We will consider the inverse process of differentiation. In differentiation, we find the
differential co-efficient of a given function while in integration if we are given the differential co-
efficient of a function, we have to find the function. That is why integration is called anti-derivative i.e.

in differentiation if y = f(x) we find Z—i. In integration, we are given 3—2: and we have to find y. This
integration is also called indefinite integral.
2.2.1. Definition of Integration

Integration is the inverse process of differentiation.

If 5 [pCol = f(x) then
@ (x) is called the integral or anti-derivative or primitive of f(x) with respect to x.

Symbolically, it is written as

J fGdx = o(x)

The symbol [ dx denotes integration w.r.t. x. Here dx conveys that x is a variable of integration. The
given function whose integral is to be found, is known as integrand.

2.2.2. Example. %(xz) = 2x
o [ 2x dx = x%

2.2.3. Constant of integration

We know that % (x3) = 3x?

Therefore integral of 3x% may be x3,x3 + 1 or x3 + C where C is any arbitrary constant. Thus
[3x?dx=x3+C

2.2.4.Example. Find [ 5x° dx

Solution. [5x®dx =5 [xdx =75 ><§+C =§x7 +C

2.2.5. Standard Formulae

n+1

1. [x"dx= J;H + C, n#-1 [since %(Zn:)zx”]
2. fidx = log,x+ C [since %(logex) = i]

3. [e¥dx= e*+ C, [since %(e") = e"]

4. [a*dx = lo::a + C, [since %(lojia) = ax]

5. [e™th dx = ew:b + C, [since %(eax”’) = aeax+b]
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n _ (ax +p)n+tl . d (ax+b)rt1 _ n . _
6. [(ax+b)" dx = o + C, [smce — (—a(n+1) ) = (ax + b) ] (if n#—1)
dx _1 o , d logifax+b[\ _ 1
7. fax+b dx = ~logifax + b| + C [smce — ( . ) =— ]

2.2.6. Theorem. The integral of the product of a constant and a function is equal to the product of a
constant, and integral of the function i.e., [ kf(x)dx = k [ f(x)dx, k being a constant.

Proof. Let [ f(x)dx = @(x), = %[(p(x)] = f(x)

Now  =[kg()] = k.- [p(0)]

[ Since, the derivative of the product of a constant and a function is equal to the product of the constant
and the derivative of the function]

=kf()  (as Zlp()] = f())
Thus, by definition

[k.f()dx = k.p(x) = k. [ f(x)dx.

2.2.7. Theorem. The integral of the sum or the difference of two functions is equal to the sum or
difference of their integrals i.e., [[fi(x) £ fo(x)]dx = [ fi(x)dx £ [ fo(x)dx.

Proof. Let [ fi(x)dx = ¢1(x) and [ fo(x)dx = ¢,(x)
Therefore,

Llo@] = fi(0) and L-[92()] = o)

Now =[01(x) £ 92(0)] = L0100 £ = [02(0)] = fi(x) £ fo(x)

[Since, the derivative of the sum or difference of two functions is equal to the sum or difference of their
derivatives].

Therefore, by definition of the integral of a function

JTA@) + £L,00)]dx = o1(x) + (x) = [ filx)dx + [ fr(x)dx.

Remark. We can extend this theorem to a finite number of functions and can have the following result.

JIAG £ L) £ f,()]dx = [fi(x)dx £ [ fL()dx £ % [ f,(x)dx.

2.2.8. Example. Write down the integral of

() x2 (ii) x~° (iii) 1
(iv) Vx Ok (vi) 2723
Solution.

2+1
. 24, — X _ 1.3
() [ x*dx = THC=3x+C
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—9+1
+C==xB+C=—-—+C

94, —
(if) J x™dx = —9+1 -8 8x

0+1
(iii) [ 1dx = [xdx=F=+C= x+C
x1/2+1

- 1/2 3. —
(iv) [ x12dx ot

+C=2x%24¢

—2+1

Ldx = [x2dx =~ =1
(V) [Zdx= [x7%dx = +C=——+C

—2+1
—2/3+1

— 2.1/3
2/3+1+C 3x/° 4+ C.

(vi) [x723dx =

2.2.9. Example. Find the integrals of the following

(i) VI -+ (if) L2 (i) 3
(1v) xVx + 2 V) (Q1+x)V1—x
Solution.

(i) f\/f—\/i; dx = [(x1/? —x71/%)dx

£3/2 4172 2x3/2

32 12 3
(i) f(li-:)Z dx = f(1+2xx+x ) _ f( %) dx

_ -3 -2 1
= [x dx+2fx dx + [-dx

—2xY2 + ¢

-2 -1
=x_—2+2x_—+logx+C

=—L——+logx+C

252
= J (S :1“) :
- fimar

3
=x?—x+tan_1x+C

(v)I= [ xVx +2dx
= [[(x+2) - 2lVx + 2 dx
=[(x+2)Vx+2dx— [2Vx+2dx
= [(x+2)32dx—2[(x+2)"% dx

_ 2R (x42)32
T 5,2 3/2

=J

+C
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=Z(x+2)%2 -2 (x+2)2 +C.

W 1= +x)V1I—xdx
=[2- (1 -1 —-xdx
=2f(1—-x0)Y2dx— [(1—x)%%dx

_20=x)32  (a-x)°/
=Y -5/2

+C

=—S(1-0¥+z(1-0%2 +C.

2.2.10. Example. Integrate a>**3 dx, a # —1
Solution. [ = [ a3**3dx = [a®*.a3dx

= a3 [ a%*dx

= a3 [e3*logagy (Since €8 ™) = f(x)
Therefore, e'°8 ¥ = 3x
Also elo8 ad* _ g3xlog a
3x — p3xlog a

Therefore, a

— a3 fe(Slog a)xdx

3 e(3log a)x
- 3loga
3xlog a 3.,3x 3x+3
e a’a a
=a’ +C= +C= +C.
3loga 3loga 3log a

2.3. Integration by Substitution.

By substitution, many functions can be converted into smaller functions which can be integrated easily.

When we apply method of substitution for finding the value of [ f(x) dx andif x = f(t) wheretisa

new variable then f(x) is converted into F[f (t)] and also dy/dx.
Now x = f(t)

Therefore, = = f'(t) ordx = f'(¢) dt .

Two important forms of integrals :

() [Foydx=loglf (| + ¢

i) ST . f00) dx =L whenn # 1.

2.3.1. Example. Evaluate the following :
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() [ s dx () [ 55 dx
(iii) [ 3x% e*’dx
(v) [ dx <V1>f T
(vil) J g dx (viii) [ ﬁ;dx
Solution.
() 1= [ o——dx

Putx? +9x +10 =t
Therefore, 2x + 9 = 3—: or 2x +9)dx = dt

Therefore, 1= fdt—t = log|t| + C = log|x?® + 9x + 10| + C

.. 6x—8
(i) 1= [ 5 s dx

Put3x?> —-8x+5=t
Therefore, 6x — 8 = 3—: or (6x — 8)dx = dt
Therefore, 1= fdt—t = log|t| + C = log|3x?> —8x + 5| + C.
(iii) = [ 3x2.e* dx

Putx3 =t

Therefore, 3x? = Z—j or 3x%dx = dt

Therefore, 1 = [3x%.eXdx = [eldt = e’ +C = e* +C.

. 1
(iv) Letx—2 =torx =t

2 1 1
Therefore, — = dx = dt or —dx =—-dt
X x 2

Thus,

1x? L gy = (et (=1
= [e/* =dx= [e ( 2)dt
_ ey, 1y _ 1 q1/x2
=—fefdt=—ze'+C= —ze/* + (.
(v) Letlogx =t. So %dxzdt
Therefore,

log x _ l _ _ﬁ _
J=—dx= [logx.—dx= [tdt=S+C=—

(log x)?
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(vi) Letlog.x =t, so %dx =dt

Therefore,
1 1 1
fxlogex dx = flogex.; dx = f?dt = log,t + C = log,(log,x) + C.

(vii) Let 1+ x3 =1t2 or x2dx = Et dt

3
Therefore, f\/(le _fJu+—x x = f— —tdt

(%)f(tz—l)dtzg (§t3—t)+c

= S(1+2%)2 - (1 +xHV2+C

1 1
(Vlll) fmdx = fmdx

1 1
LetvVx =t, so mdx—dt or ﬁdx—Zdt

= [—dx

Therefore, [ - —dx =2 —

f(f+1)
=2log(t +1) + € =2log(vx +1) + C.

2.3.2. Example. Integrate the following :
2
(i) xvx +2 (if) 222X (iii) w

342x

Solution.
() I=[xVx+2dx
Putting x + 2 =t implies x =t —2
Therefore, dx = dt
I=[(t—2)tY%dt = [t3/2dt—2[tV%dt

Y _ 2,512 _ 4.3
=57 23/2+C t 3t +C

=Z(x+2)%2 -2 (x+2)2 +C.

.: _ r243x
(i) I_f3+2x dx
Putting 3 — 2x =t implies x = ?
Therefore, dt = —2dx implies dx = —dz—t
__1 2+3(%) _ 1 2+§—%f dt
I=—3f—Fdt = [ —=+5
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dt 9 dt 3
=TTl
9 4
= —log|t| — Zlogltl +5t+ C
= —log|3 — 2x| — zlog|3 —2x| + %(3 —2x)+C
= %(3 — 2x) —log|3 — 2x| — %10g|3 —2x|+C
_ x+1)(x+log x)?
(iii) 1= f—x dx

x+1

Putx +logx =t, therefore (1 + %) dx = dt or (T) dx = dt

x+1

Thus I=f(x+logx)2(—)dx= [ t?dt = §+C= %f(x+10gx)3+C.

X

. 1 _op.dt o1 1
(iv) fex—l dx = ft(t—l) - f(t—l t) dt

=log(t —1) — logt+C

= log (%) = log (ex_l) +C

eX

2.4. Integral of the product of two functions.

If u and v be two functions of x, then

d dv du
E(uv) = u;+v;

implies u % = 42 (uv) &
p dx  dx dx

Integrating both sides w.r.t x, we get
dv du
Ju_—dx=uwv— [v_—dx (1)
Letu = f;(x) and = = f,(2)
Since Z—Z = f,(x), therefore [ f,(x)dx =v

Hence (1) becomes

JA®AE@ dx = fi() [ f(x) dx = [Ifi (®) [ fo(x)dx] dx.
In words, this rule of integration by parts can be stated as :
Integral of the product of two functions

= First function . Integral of the second

-Integral of [diff. coeff. of the first . Integral of the second)

Integral of the product of two functions
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In finding integrals by this method proper choice of 1% and 2" function is essential. Although there is
no fixed law for taking 1% and 2™ function and their choice is possible by practice, yet following rule is
helpful in the choice of functions 1% and 2™ .

(1) If the two functions are of different types take that function as Ist which comes first in the word
ILATE.

Where I, stands for Inverse circular function.

L, stands for Logarithmic function.

A, stands for Algebraic function.

T, stands for Trigonometrical function.

and  E, stands for Exponential function.

(i1) If both the functions are trigonometrical take that function as 2" whose integral is simpler.
(iii) If both the functions are algebraic take that function as 1* whose d.c. is simpler.
(iv) Unity may be taken as one of the functions.
(v) The formula of integration by parts can be applied more than once if necessary.
2.4.1. Example. Evaluate [ x™ log x dx
Solution. Let I = [x"logxdx = [(logx)x" dx

n+1 1xn+1

x
So I=(logx —
( g ) n+1 x n+1
x"*1(log x 1
i 20 By A "
n+1 n+1
_ xn+1(log x) 1 xn+1 _ xn+1 log x xn+1 + C
- n+1 n+1 n+1 - n+1 (n+1)2 )

2.4.2. Example. Evaluate [ xe* dx
Solution. Let I= [ xe* dx

[Here x is algebraic function and e* is exponential function and A occurs before T in ILATE, therefore,
we take x as 1% and e* as 2™ functions].

I=fxexdx=xfexdx—f(%(x)fexdx)dx
=xe* — [l.e¥dx = xe* —e*+ C=e*(x—1) +C.
2.4.3. Example. Evaluate [ x3e™ dx
Solution. Let I= [x3e ™ dx = x3(—e™) — [3x%(—e™)dx
= —x3e™ + 3 [x?e*dx

= —x3e™ + 3[x?(—e ™) — [2x(—e )dx]
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= —x3e™ —3x%e™ + 6 [ xe ¥dx
= —x3e™ —3x%e™* + 6[x(—e™*) — [1(—e)dx
= —x3e™* —3x%e* —6e* +6xe* +C
=—e*(x3+3x>—-6x+6)+C

2.4.4. Example. Integrate x3e*’

Solution. 1= [ x3e*” dx

d
Put x? = t, therefore, 2xdx = dt or xdx = %

1= [x3e dx = [x%e* xdx = ftetdz—tz %ftetdt

= %[tet — [1.etdt]

1 1 1 2 2 1 2
=-tel —-—et +C = -x%e* —-e*" +C.
2 2 2 2

2.4.5. Example. Evaluate [ x*e% dx
Solution. Let I = [ x2e®™ dx

= x? (%) —f 2xezx dx

=S () - S

2
= e (x——z—’;+i)+c.

a a?

2.4.6. Example. Evaluate [ log x dx
Solution. Let I= [logx dx = [(logx).1dx

Integrating by parts, taking log x as the 1*' function
1
=logx (x) — [-.xdx =xlogx — [1dx
=xlogx —x+C =x(logx — 1) + C.
2.4.7. Example. Evaluate [(logx)?.x dx
Solution. Let I = [(logx)?. x dx

2 1 2
= (logx)z.% -2 logx).;.x?dx

X'Z
= ?(logx)2 — [(log x).x dx
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=§(logx)2 (logx——f— —dx)

2
= x?(logx)z —x?logx +%fxdx

= %[(logx)2 —logx + %] +C
2.4.8. Example. Evaluate [ e* (1 + x) log(xe*) dx
Solution. Let I= [ e*(1 + x) log(xe™) dx
Put xe* =t, therefore, e*(1+ x)dx = dt
Therefore, I = [(logt).1dt
=logt.(t) — f%.tdt
=tlogt— [1.dt=tlogt—t+C
=t(logt — 1)+ C = (xe*)[log(xe*) —loge] + C
= (xe")log( ) +C

2.4.9. Example. Evaluate [ — o g;;Z dx

dx

Solution. Let 1= [logx.

1
(x+1)2

Now integrating by parts, taking log x as first function

I=loox. -1 l -1 _ logxdx: _logx f 1 dx
8 x " 14x 1+x 1+x x(1+x)
lo x
g +f( x) dx
logx

+ log|x| —log |1+ x|+ C

10 x
=5 |—| +C.
1+x

2.5. Integration by partial fractions.

2.5.1. Rational Function. An expression of the form [ ((

))where f(x) and @(x) are rational integral
algebraic functions or polynomials.

fx)=apx™+ax™ 1+ +a,_1x+a,

o(x) = bgx™ + byx" 1+ -+ b,_1x+b,.

Where m, n are positive integers and aq, a4, ay, .., @y, by, b1, by, ..., b, are constants is called a rational
function or rational fraction. It is assumed that f(x) and ¢(x) have no common factor.

x+1 x—1

e.g. are rational functions.
g x34+x2—6x" (x+1)(x2+1)
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Such fractions can always be integrated by splitting the given fraction into partial fractions.
Note on Partial Fractions

1. Proper rational algebraic fraction. A proper rational algebraic fraction is a rational algebraic
fraction in which the degree of the numerator is less than that of the denominator.

2. The degree of the numerator f(x) must be less than the degree of denominator ¢ (x) and if the degree
of the numerator of a rational algebraic fraction is equal to or greater than, that of the denominator,
we can divide the numerator by the denominator until the degree of the remainder is less than that of
the denominator.

Then
Given fraction = a polynomial + a proper rational algebraic fraction.

For example, consider a rational algebraic fraction.

2 2

x
(x—1)(x—2)  x2-3x+2

X

Hence the degree of the numerator is 3 and the degree of the denominator is 2. We divide numerator by
denominator.

= x 43+

X _—
Therefore, D2 (-1 (x—2)

Working rule.

(1) The degree of the numerator (x) must be less than the degree of denominator ¢(x) and if not so,
then divide f(x) by ¢(x) till the remainder of a lower degree than ¢(x).

(i) Now break the denominator ¢ (x) into linear and quadratic factors.

(ii1) (a) Corresponding to non-repeated linear factor of (x — a) type in the denominator ¢ (x).. Put a
partial fraction of the form foa.

2 B

A c
are of the form — + —
x+2 x—4 x—5

. b x
Therefore, the partial fraction of 1D -5)

orresponding to non-repeated quadratic factor (ax* + bx + ¢) of ¢(x), partial fraction wi
b) C di d quadratic f: 24+ b f ial fracti ill

Ax+b
be of the form ————
ax“+bx +c

For example, the partial fraction of

2x—3 _ A + i + C D
(x—1)(x—4)2(x2-5x+10) o (x-1)  x—4 (x—4)2  x2-5x+10

(c) Corresponding to a repeated quadratic factor of the form (ax? + b + ¢)™ in ¢(x), there

corresponds m partial fractions of the form

A1x+B1 Azx+By Apx+Bpy
(ax2+bx+c)  (ax2+bx+c)? (axZ+bx+c)m

Therefore the partial fractions of
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3x-5 _ A Bx+C Dx+E
(x+5)(x2+7x+8)2 T x+5  x2+7x+8 (x2+7x+8)2

Thus we see that when we resolve the denominator ¢ (x) into real factors, they can be of four
types :

(a) Linear non-repeated.

(b) Linear repeated.

(c) Quadratic non-repeated.

(d) Quadratic repeated.

The proper fraction % is equal to the sum of partial fractions as suggested above. After this, multiply

both sides by ¢ (x). The relation, we get will be an identity. So the values of the constants of R.H.S. will
be obtained by equating the coefficients of like powers of x, and then

solving the equation so obtained. Sometimes we can get the values of constants by some short
cut methods i.e., by giving certain values to x etc.

2.5.2. Example. Evaluate the following

3x+2 3x—1

0 J (x—2)(2x+3) dx (i) f(2x+1)(3x+2)(6x—1) dx
. . 3x+2 _ i B
Solution. (i) Let G i +—

Multiplying both sides by (x — 2) (2x + 3)
3x+2 = A2x+3) + B(x—2)

3 5
Putx = -5 we have B =z

Putx = 2, wehave B =§

3x+2 8 5
Therefore, G—2)(2x+3) _ 7(x—2) | 7(2x+3)
3x+2 _ 8
Thus, fmdx - f7(x—2) dx + f7(ZX+3) *

= gloglx - 2| +;log|2x +3|+C

3x—1 A B c
Qx+D(Bx+2)(6x—1)  2x+1  3x+2  6x-5

Multiplying both sides by (2x + 1) (3x + 2) (6x —5)
(Bx—-1) = ABx+2)(6x—=5)+B(2x+1)(6x—5) + C2x+ 1)(3x + 2)

(i1) Let

1 5
Putx = > we have A =3

Putx = —%, we have B = —5
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5 1
Putng, we have C =3

3x—1 5 1 1
Therefore, & @61 — 8@+ 3ei2 T 86v5)
3x—1 5 !
Thus, | GG e D X T I B T fom i 3

5 1 1
= ElogIZx + 1| —510g|3x + 2| + Elog|6x —5|+C
2.5.3. Example. Evaluate
17x-2
() f4x2-:7x 2 (H)f

Solution. (i)

x—x3
x2 _ _17x2 _ A B
4x247x-2  (x+2)(4x—1)  x+2 = 4x—1

17x —2 = A(4x—1) + B(x + 2)

Putxzi, we have B =1

Putx = —2, wehave A =4

17x-2 4 1
Therefore, ——— = —
? 4x24+7x-2 x+2  4x—1
17x-2 4 1
Thus, [—Z2 dx = [ dx + [—dx
’ f4—x2+7x—2 fx+2 f4x—1

= 4log|x + 2| +%log|4x— 1|+ C.

(i) fx x3 fx(l—xz) - fx(l—x)(x+x)

1 A B C
Let amam iz T

Multiplying both sides by x(1 — x)(1 + x), we get

1=A4A01-x)1+x)+Bx(1+x)+Cx(1—x)

Puttingx = 0,1and —1,we get A =1, B:%, C:_%

Putting these values of 4, B and C, we get

1 1 1 1

xA—00+x)  x + 2(1-x)  2(1+x)

Then,

1
x x2 f[ 2(1 x) 2(1+x)] dx
= log|x]| —Elog|1 — x| — %10g|1 +x|+ C

[2log|x| —log|1 — x| —log|1 + x|] + C

Nl)—‘
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fiz|+c

1
—Elog N

. dx .. dx
2.5.4. Example. Evaluate (i) | T (i) [ ST

Solution. (i) Pute* = t, therefore e*dx = dt

dt dt
I'= fex(1+3t+2t2) o ft(2t+1)(t+1)

1 1 1 4
Now — = o ———
t(2t+1)(t+1) t 1+t 2t+1

1 1 4
I= f?dt+f1—+tdt—fmdt

=log|t| + log|1 + t| — 2log|2t + 1|+ C

= logle*| + log|e* + 1| — 2log|2e* + 1|+ C

=x+ +logle* + 1| —2log|2e* + 1|+ C

.. dx
(11) f6(log x)2+7log x+2

Putlogx =t¢, then%dx =dt

dt dt dt

dt
I'= f6t2+7t+2 o f(2t+1)(3t+2) o 2t+1 3t+2
= log|2t + 1| —>log |3t + 2| + C

= log |%| + C = log

2log x+1|
3log x+2

2.6. Definite Integral and Area.

Sometimes, in geometry and other branches of integral calculus, it becomes necessary to find the
differences in two values (say a and b) of a variable x for integral values of function f(x). This
difference is called definite integral of f (x) within limits a and b or b and a.

This definite integral is shown as follows :

b
Jo fC0)dx
and is read as integration of f (x) between limits a and b. As we know that if [ f(x) dx = F(x)
b
So J, f)dx = [F(x)]5 = F(b) = F(a),

where a and b are called lower and upper limits.

General Properties of Definite Integral
Property 1. f: f(x)dx = f: f(t)dt

Property 2. ff f(x)dx = — fba f(x)dx



48 Business Mathematics—I

Property 3. [ f(x)dx = [‘f(x)dx+ [ f(x)dx  wherca<c<b
Property 4. [ f(x)dx = [) f(a —x)dx
Property 5. [ f(x)dx = 0 if £(x) is an odd function of x
=2 [ f(x)dx if f(x) is an even function of x
Note. (i) f(x) is called odd function if f(—x) = —f(x)
(ii) £ (x) is called even function if f(—x) = f(x)

Property 6. fozaf(x) dx = foaf(x) dx + foa fQ2a — x)dx

2.6.1. Example. Find the values of

() [ x? dx (i) f_21(3x ~1)(2x + 1) dx
. 2eX—e* . rl dx
(iv) [y —=—dx (V) fo \/W T V) Js T mmaor

3
Solution. (i) fol x%dx = [%]0 = 2

(ii) f_21(3x - 1)Rx+1)dx = f_21(6x2 +x—1)dx

=o[5], + [5], = g

(i) f3 dx f23 x2d+12
—[ log[<], = 3[iog3 - tog3] = }1og?
dx = %foz e¥ —e*dx
=gl +eli= 3 (e—3)
W == b s & = VAT I - VR dx

=2+ )2 -2 = 22 - D).
dx 1 dx
Jo

ol
i) J [ax+b(1—01% _ J0 [(a=b)x+b]? f [(a = b)x + b]™* dx

_ [Mambdwo ) 11 1y 1
N [ b—a ]0 " b-a (a b) " ab
2.6.2. Example. If foa 3x2 dx = 8, find the value of a.

a
Solution. [ 3x?dx =3 [ x*dx =3 [§]0 = a3
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Since foa 3x2dx =8

Implies a® =8 i.e.a = 2.

2.6.3. Example. Show that when f(x) is of the form a + bx + cx?, then

[y F@ydx = 2[£0) +4f (5) + FD)]

Solution. f(x) = a + bx + cx?
1 1, 1
f(O): a, f(5)=a+zb+zc
f()=a+b+c

RHS = 2[f(0) +4f (3) + fF(D)] =a+2+5
]! =a+2+5

2
LHS = folf(x)dx= fol(a+bx+cx2)dx= ax+b%+?0

Hence. LHS = RHS.

2.6.4. Example. Evaluate the following definite integrals

(i) [ 3xV5 —xZ dx (iii) [, x¥x— 4 dx

" 1)2
0 Jy" Fr

. b log x 2 dx . 15d—x
(iv) fa x dx (v) fO 4+x—x2 (Vi) fg (x=3)vx+1

1/2  x dx

Solution. (i) I = [ —
Put1 —x% =t, then —2xdx = dt or xdx = —%dt

Whenx = 0,t =1

1
When X—E, t—z
1 tl/zr/“ V3
- = =1-X
1 2

Therefore, I = fol/z\/%d = —%ff”t‘l/z dt = —- "

(i) 1= [} 3xV5 —xZ dx

Put 5 —x? =t, therefore —2xdx = dt or xdx = —%dt

Whenx = 1,t =5—-1=4
When x =2, t=5—-4=1
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1 st
Therefore, I = flz 3xV5 — x%dx = —%f: tzdt = _g [%l
2 14

Gii) I = [, x¥x —4dx = [, x(x — 4"/ dx

Put x —4 =t, therefore, dx = dt
When x =4, t=0
When x =8, t =4

Therefore, 1= [ (t+4)(O)Y3 dx= [ t*3dt+4[ t'3de
_ 31.7/31% 31.4/31%
=Z[t73], + 4 x[e*
= 2@ +3) = Z (@)

(iv) I =fbl°ixdx

a

Put logx =t, therefore %dx =dt
When x =a, t=loga

When x =b, t=Ilogh

Therefore, = [%"¢tdt = |ﬁ w1 [(log b)? — (log a)?]
’ log a 2 log a 2

= %(log b +loga)(logh —loga) = %log(ab) log (S)
2 d 2 d
v I=f === ) —=

4+x—x2 m
_ fz dx _ 2 dx
)

0
= {log (*22) — 1og (23)}

_ 1 (17+3+4\/ﬁ)_ 1, (20+4\/ﬁ)
- 08 1743-4y17/) ~ V17 08 20—4~/17,
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= Hlos(ieom) = s (Emx am)
1 4241017

= 7log ()

\/1_7 (21+5«/_)

. 15 dx
V) 1= )y oo

Put x +1 =t%, then dx = 2tdt
When x =8, t?=0, implies t = 3
When x =15, t? =16, impliest =4

Therefore, [ = 2f4 Zdtzz =2.- [l |t+2 ]

1 2 1
5 (log 7| — 1og) = 5 1og - log5)
1, 5
= 7l083
2.6.5. Example. Evaluate the following

(i) f, x%e* dx (i) f, (x —2)(2x + 3)e* dx

4-x+x

(iii) [, ==d (iv) [{ < (1 + xlog x)dx

Solution. (i) ] = fo x%e?* dx
= |x2 (%) (1) — fol 2x Gezx) dx

(), 6 o)

1,2 [l ,2_1/1 2 ]_112x
=ce [e ~Jo e dx| = 3 [ e dx

_112x __ _
_2|2 - (e D).

(i) I=[(x—2)(2x+3)e* dx
= f01(2x2 —x—6)e*dx
Integrating by parts, we get
= [(2x% —x — 6)e*]} — f01(4x —1)e* dx

=2-1-6)e—(—6)— f01(4x — 1e* dx
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=-—5e+6— [|(4x —1)e*|} — fol 4e* dx]
=—5e+6—[(4—1)e— (=1) — 4]e*|]
=—-5e+6[3e+1—4(e—-1)]

=1 - 4e.

4 x2%4x

. . 2 . 1 nd .
Integrating by parts taking x“ + x as first function and s the 2™ function.

I—|(x +x)f\/ﬁ4 f4{(2x+1)f\/%}dx

Now [ =2 @ e
ow \/2 1 25

Therefore, I =|(x?+x)V2x + 1|; - f24(2x + 1)V2x + 1dx

= (60 — 6v5) — [, (2x + 1)*/% dx

(2x+1)3/2
= (60 — 6v5) — —|2
=60 — 6v5 — £ (9%/2 - 55/2) = 60 — 6v5 — ==+ 55
=2 _ s

2
. ee* e 1
(iv) I = [ —Q +xlogx)dx = [ e* (;+ logx) dx
= [e*[f (x) + f(x)]dx  where f(x) = logx
=e*f(x) = e*logx
Therefore,
I = ff?(l + xlog x)dx = [e* logx]{ = e*loge — elogl = e*

2.7. Definite Integral as area under the curve.
Let f(x) be finite and continuous ina < x < b. Then area of the region bounded by x[ Jaxis,y =
f(x) and the ordinates at x = a and x = b is equal to ff f (x) dx.
Proof. Let AB be the curve y = f(x) and P(x,y) be any point on the curve such that a <
< b. Let DA and CB be the ordinates x = a and x = b.
Take point Q(x + 6x,y + 6y) near to the point P(x,y). Draw PS and QT parallel to x-axis.
Clearly PS = éx and QS = &y.
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Let S represent the area bounded by the curve y = f(x), x-axis and the ordinates AD (x = a) and the
variable ordinate PM.

=a

4

b D
vy

Therefore, If 6x is increment in x, then &S is increment in S.
It is clear from figure that §S is the area that lies between the rect. PMNS and rect. TQNM.
Also area of rect. PMNS = y.dx and area of rect. TQNM = (y + 6y) 6x
Therefore, ydx < 8S < (y + 6y) ox
88
Or y<5<y+ 8y
WhenQ - P, 6x—> 0, 6y—->0
: 88

And  limg, 5. o We get

ds

Eoy=fm

b b ds b

Therefore, [ f(x)dx = [ —.dx = S, ds = 1815 = (x=p = (S)x=a

But it is clear from the figure, when x = a,S = 0, because then PM and AD coincide and then x = b,
S =area ABCD = reqd. area.

Therefore,
J? £(x) dx = Area ABCD.
Thus the area bounded by the curve y = f(x), the x axis and the ordinates x = a and x = b is
7 () dx.
Remarks. In the figure given, we assumed that f(x > 0) forallx ina < x < b. However, if

(1) f(x) < 0 for all x in a < x < b, then area bounded by x-axis, the curve y = f(x) and the
ordinate x = atox = b is given by

= jbf (%) dx.
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i
D C .
e
E
A
R
) If f(x) 2 0fora < x <c
x-axis and the ordinates x = a,x = b, is
v A
&
ek C N
i i
%
o k0
W B

= [f)dx+ ) —f(x) dx
= [T fe) dx— [ f(x) dx

and f (x) < 0 for c < x < b, then area bounded by x = f(x),

(ii1) The area of the region bounded by y; = f;(x) and y, = f,(x) and the ordinates x = a and

X = b is given by

= [P f)dx— [ fi(x) dx

T Fl= x}
o /
/ \
y1=fl{z)
=a =b
QO M ™ >
Vo (@0 (b.0)

where f;(x) is y, of upper curve and f; (x) is y; of lower curve i.e.,

Required area= [ [ fo(¥) = f;(0)ldx = [} (v, — y1) dx.

X
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2.7.1. Example.

(a) Calculate the area under the curve y = 2/ x included between the lines x = 0 and x = 1.
(b) Find the area under the curve y = v/3x + 4 betweenx = Oandx = 4.

Solution. (a) y = 2+/x implies y?> = 4x

y = 2+/x is the upper part of the parabola y?> = 4x. We have to find the area of the shaded
region OAB.

¥

N

Required area = [ 01 ydx

£3/2

1
=J, 2Vxdx =2 37

1
| = =s(. units
0o 3

(b) y = V3x + 4 , therefore, y> = 3x+4. y = V3x + 4 is the upper part of the parabola
y? = 3x + 4. We have to find the area of the shaded region.

ol

Required area OABC = | 04 ydx = | 04 V3x + 4dx

= %|(3x + 4)3/2|3 = % $q. units
2.7.2. Example. Find the area bounded by x = log, x, y = Oandx = 2.
Solution. Required area ABC = | 12 ydx = | 12 log x dx

= |xlogx —x|? =2log2 —1 =log4 — 1.
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¥ oA

v=logx

i ) o
(1,00 (2,0]

L

2.7.3. Example. Find the area included between two curves y? = 4ax and x> = 4 ay.

Solution. As shown in the figure, we have to find the area OAPBO.

¥
2=day
B
:}k y2=dax
X v X

Solving the given two equations simultaneously, we have

x* = 16a%y? = 16a?(4ax)

or x* = 64a3x implies x* — 64a3x =0,
or x(x3 — 64a%) =0
or x=0, x3 = 64a®

Therefore, x = 0 at O and x = 4a at B.

Now

Area OAPBO = Area OAPMO - Area OBPMO

4a 4a 4a 4a x?
=, yidx— [ yadx= [ 2a'x'?dx - [ —dx

= 2qal/? f;a x1/2 dx — ﬁf;a x? dx

4q 1

2
= 22 -

1
X§|x3|3a

16 :
= — a’sq. units
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2.7.4. Example. Find the area cut-off from the parabola 4y = 3x? by the straight line 2y = 3x + 12.

Solution. Let the points of intersection of the parabola and the line be A and B as shown in the figure.
Draw AM and BN perpendiculars to x-axis.

M
L

Now putting
yzzx2 in2y =3x+ 12
We set %xz =3x + 12
or  3x*—6x+24=0
or x2—2x—8=0
or x=4, x=-2
Then, y=12, y=3.
The co-ordinates of the point A are (4, 12) and co-ordinates of B are (—2, 3).
Now, Required area AOB
= Area of trapezium BNMA -[Area BNO + Area OMA]

But area of trapezium

= %(sumof ||sides) *Height
:%xﬂ2+3)x6=15x3=45

Area BNO + Area OMA = ffz y dx

3,4

3

3 4 2 3 |x
=[x dx =

= 18.
4

-2
Hence required area = 45 — 18 = 27 sq. units.
2.7.5. Example. Find the area bounded by the parabola y? = 2x and the ordinates x = 1 and x = 4.

Solution. The equation of the parabola is y? = 2x which is of the form y? = 4ax. The parabola is
symmetrical about x-axis and opens towards right.
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x=4

e

In the first quadrant y > 0.
Required Area=PMM'P’

= 2 area ABMP

P\\x‘—

= 2f14ydx = 2f14\/§x1/2 dx

321t

3/2 1,

=2V2

282

= —— sq. units.

2.7.6. Example. Make a rough sketch of the graph of the function y = ;iz (1 £ x < 3), and find the area

enclosed between the curve, the x-axis and the liens x

Solution. Given equation of the curve is

y=2, (1<x<3)

Therefore, y > 0 i.e., the curve lies above the x-axis.

When x = 1,2,3, theny = 4,1, 0.44 respectively.

land x = 3.

-
n
3l
1l
1}
. 3
Required area = [y dx
3 4 1
=iz = 4|_Z|

2.7.7. Example. Find the area of the region {(x,y) : x> < y < x}.

8 .
=384 units.
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Solution. Let us first sketch the region whose area is to be found out. The required area is the area

included between the curves x? = y and y = x.

2
x =y

W

Solving these two equations simultaneously, we have

2—x=0

x% = x implies x
or x(x—1)=0
or x=0x=1
When x =0, y=0 andx =1, y =1.
Therefore, these two curves intersect each other at two points 0(0,0) and A(1,1).

Required area = fol x dx — fol x? dx

1 x31

3

x2

2

= 1s units
. = =5q. )

0

2.7.8. Example. Find the area of the region {(x,y) : x> < y < |x|}.
Solution. Let us first sketch the region whose area is to be found out.

The required area is the area included between the curves x2 = yandy = |x|.

The graph of x> = y is a parabola with vertex (0, 0) and axis y-axis as shown in figure.

The graph of y = |x| is the union oflinesy = x,x = Oandy = —x,x < 0.

The required region is the shaded region.
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Therefore, the required area = Area 0AB+Area OCD

=2 Area OCD

— (! 1 2

=2 [ xdx—2[ x*dx
le x31 1 .

=2 70—2|?0— 3 59. units.

2.7.9. Example. Using integration find the area of the triangular region whose sides have the

Equation
y = 2x+1 ..(D)
y = 3x+1 ..(2)
and x =4 ...(3)

Solution. Solving (1) and (3), wegetx = 4,y = 2Xx4+1 = 0.
Therefore, (4,9) is the point of intersection of lines (1) and (3).
Solving (1) and (2), we getx = 0, y = 1.
Therefore, (0, 1) is the point of intersection of lines (1) and (2).
Solving (2) and (3), wegetx = 4, y = 3 x4 + 1 = 13.

Therefore, (4, 13) is the point of intersection of lines (2) and (3)

C[4,13)

(0,104

M
w

W

Required area ABC = f04(3x + 1) dx — f04(2x + 1) dx

4 4
3x2 2x2 .
—+x| - |—+x| = 8 sq. units.
2 0 2 0

2.8. Learning Curve.

Learning curve is a technique with the help of which we can estimate the cost and time of production
process of a product. With passage of time, the production process becomes increasingly mature and
reaches a steady state. It so happens because with gain in experience with time, time taken to produce
one unit of a product steadily decreases and in the last attains a stable value.
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The general form of the learning curve is given by

y=f()=ax

where y is the average time taken to produce one unit, and x is the number of units produced, a and b

are the constants.

a is defined as the time taken for producing the first unit (x = I) and b is calculated by using
the formula

b= log (learning rate)

log 2
If the learning curve is known, then total time (labour hours) required to produce units numbered from a
to b is given by
L= fab f(x)dx = fab A.x% dx (another form of learning curve)

2.8.1. Example. The first batch of 10 dolls is produced in 30 hours. Determine the time taken to produce
next 10 dolls and again next 20 dolls, assuming a 60% learning rate. Estimate the time taken to produce
first unit.

New Time taken to produce one batch

= Previous time taken to produce one batch X learning rate

No. of dolls Total time (hours) Total increase in time Average time
0 0 - -
10 30 30 3
20 30x60Y\ _ 6 1.8
20 ( 100 ) 36
40 36x60Y _ 7.2 1.08
20 (222) =432
_ logi0.6) _
Now, f = gz 0.7369

Whenx = 10,y = 3,then3 = a.1070736°
Solving the equation, we get A = 16.38 hours.

2.8.2. Example. Because of learning experience, there is a reduction in labour requirement in a firm.
After producing 36 units, the firm has the learning curve f(x) = 1000 x~'/2. Find the labour hours
required to produce the next 28 units.

Solution L= [ 1000x™°% dx

= 1000[2x'/?]¢ = 2000[8 — 6] = 4000 hours.
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2.8.3. Example. A firm’s learning curve after producing 100 units is given by f(x) = 2400 x5
which is the rate of labour hours required to produce the x* unit. Find the hours needed to produce an
additional 800 units.

Solution. Labour hours required

L=[0" f(x) dx

L 1/27900

= [y 2400x705 dx = 2400 | = 4800[30 — 10] = 96000 hours.

1/2]100

2.9. Consumer and Producer Surplus.

Consumer surplus is the difference between the price that a consumer is willing to pay and the actual
price he pays for a commodity. The degree of satisfaction derived from a commodity is a subjective
matter.

If DD, is the market demand curve then demand x corresponds to the price p,. The consumer surplus is
given by DD;py.

DD;pg = Area DD;x,0 — @yD1x70

= Jo () dx = poxg
where f(x) is the demand function.

It is assumed that the area is defined at x = 0 and that the satisfaction is measurable in terms of price
for all consumers. In other words, we assume that utility function is same for all consumers and
marginal utility of money is constant.

2.9.1. Example. Find the consumer surplus if the demand function is p = 25 — 2x and the surplus
functionis 4p = 10 + x.

Solution. First find the equilibrium price py and equilibrium demand, x, by solving the above two
equations simultaneously, we have

xo =10 andpy =5
Now consumer surplus = [ Oxo f(x)dx —poxo
= [,°(25 - 2x) dx - 5x 10
= [25x — x*]3° — 50 = 100.
2.10. Producer Surplus

Producer surplus is the difference in the prices a producer expects to get and the price which he actually
gets for a commodity.
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If §S; is the market supply curve and if x, is the supply at the market price py, the producer surplus is
the area PS.

PS = Area SS;Py = poxy — f:g(x) dx
where g(x) is the supply function.
2.10.1. Example. Find the producer surplus for the supply function p> — x = 9 whenx, = 7
Solution. We are given p> — x = 9 orpd — x5 = 9
Also given xy = 7
Therefore, pg = 7
Thus,
PS = poxo = J; g(x) dx

=4x7—[/(x+9Vdx

=28 [2(x+ 9)3/2](7) ==
2.11. Leontief Input-Output Model.

Consider a model consisting of n production units and each unit produces only one kind of product.
Each unit in the model uses the output of these n units as input. Also some part of output of each unit is
used by other consumers, we shall call those parts as final demand of the unit. The sum of all the outputs
of a particular unit is known as total output of that unit. Now, we have to determine the new total output
of a unit if the final demand changes assuming that the resources of the model does not change. Here
comes the role of Leontief input-output model. We illustrate the process for three production units.

1. Avaiblable data. Let R, R, , R, be three production units and x; denote the part of output of the unit P;

used as input by the units P,. Let b; denotes the final demand of unit P; and X; denotes the total output of
unit P;. This data can be represented as:

Production .. ]
Unit Receiving unit Final Total
demand output
Py P P3
R X114 X12 X13 by X
R X21 X22 X23 b, X
R X34 X32 X33 b, X

2. Construction of Technology matrix. The ratio i is denoted by a;and is known as input-output

coefficients or technical coefficients. For example,
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Then the matrix A of all these input-output coefficients is called Technology matrix or matrix of
technical coefficients. Thus the technical matrix is

a4 812 A3
A=|ay ay ap
43y dzp dg;

3. Simon-Hawkins Conditions. The conditions for the system to be viable are:

(i) The elements on the principal diagonal of Leontief matrix are all positive i.e., 1-a,,1-a,,,.. are all
positive.

(ii) The determinant of Leontief matrix i.e., | /- A| is positive.

If these two conditions are not satisfied, then there is no solution of the above system. These conditions
are known as (Simon-Hawkins conditions for viability of system)

2.11.1. Example. For a two unit economy with production units X and Y, the inter unital demand and
final demand are as follows :

Receiving unit
Final Total
Production | p, P, demand output
Unit
R 30 40 50 120
) 20 10 30 60
(1) Find the technical coefficients.

(11) Find the matrix of technical coefficients.
(ii1)  Find the Leontief matrix
(iv)  Verify Simon-Hawkins conditions for viability of the system.

Solution. The given table is

Production

Receiving unit Final Total

Unit
demand output

P1 PZ

Xy =30
P, Xy, =20 | X21 =40 | b, =50 Xy =120
P, Xy =10 b, =30 X; =60
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(i) Here n = 2, technical co-efficients are a,; a,, , a,,, @
Thus o _ Xy 30 1
X, 120 4
Xy, 20 1
A= =5~ =
X, 120 6
X, 40 2
Qi =~ =~=3
X, 60 3
X, 10 1
A,y = -
X, 60 6
12
. . . . a;; a
(ii) Matrix of technical coefficients A:[ B 12} _|4 3
8y 8y 11
6 6
1 2 3 2
. . 10 73 7 3
iii) Leontief Matrix /- A = - =
W SRR I S R
6 6 6 6
(iv) Elements on principal diagonal of Leontief matrix are %and g which are positive . Also, |/ - A
3 _2
_|4 3| 37,
15|72
6 6

Hence Simon-Hawkins conditions are verified.

2.12. Check Your Progress.
1. Evaluate (i) [(4x3 + 3x% — 2x + 5)dx (i) [ (\/} ~dx+ i) dx
441 . 13
(iii) [ (5) dx (i) [(x—3) dx
1 _ 4 1 .
(v) f(2"+5e x+;—7;)dx (vi) fxxTde

(vii) f(ealogx_l_exloga)dx

‘e 1
(i) [ e 4

(e e o e,
(i) [ g (xii) [ e dx
2. Evaluation (i) [ mdx (ii) f@ d
(iv) fo a2
(V) [x(x* +4)° dx o) [ s

.. x3 x+2
(Vll) f(x2+1)3 dx (Vlll) fmdx
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. (x+1)(x+log x)3
(ix) [EEREEED gy

. 1
&) J a4

3. Evaluate (i) [ x%e3* dx
xe*
(111) f(x+1)2 dx
(v) [V4x? —9dx

. X
o) [ v
(ix) [xlog(1+ x)dx

4. Evaluate (1) f md

3x+5
xt—x3—x2+1

(iii)

26x+6
(v) f8 10x—3x2 dx

.. dx
(VH) f (x+1)2(x2+1) dx

X +x+1

(0 522

5. Evaluate the following:

101

(i) [, (3x —2)*dx (i) f, -

Vx

. 2
(lV) fO mdx

6. Evaluate the following :
o 1l x°
Q) [y Toedx

2
(iv) ff —“"gx’” dx

7. Evaluate the following :

(i) fol xe* dx

(iv) [ ” l‘fzx dx

8. Find the area of the region included between the parabola y

12 =0.
9. Find the area bounded by the curve y

2
W o e

(i) [’ xV3x—2dx

(i) fol xlog (1 + g) dx

eX— 1+xe 1

®) [ —
(xii) [ (x + 1)2%" 2 dx
(i) [ x™ log x dx

(iv) [logxdx
. dx
(Vl) f(x+1)x/x+2
dx
(viii) (x2-1)VxZ+1
(x) [x3a*" dx

.. x
(i) f(x2+1)(x2+3) dx

. x“+1
iv) J 2x+ D+ D) (x—1)

. 2x3-3x2-9x+1
(Vl) f 2x2—x—10 dx

dx
(viii) [ 1)

ax?+bx+c
(X) f(x—a)(x—b)(x—c) X

(i) [, VZx+3dx

3_442
(Vl) fol 3x \;;x +1 dx

6x2—1

4
(111) fZ ﬁ dx

(iii) f x%e* dx

3 )
= sz and the line

= x% andtheliney =

3x —2y +
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10.

11.

12.
13.
14.
15.
16.

Make a rough sketch of the graph of the functiony = 9 —x%, 0 < x < 3 and determine the area
enclosed between the curve and the axis.

Using integration, find the area of the region bounded by the triangle whose vertices are (1, 0), (2, 2)
and (3,1).

Find the area of the region bounded by y = —1, y = 2, x = y?,
Find the area between the parabola y? = x and the line x = 4.
Find the area bounded by the curve y = x? — 4 and the linesy = Oandy = 5.

x=0.

Find the area of the region enclosed between the curve y = x% + 1 and the liney = 2x + 1.
Find the area bounded by the curve x = at?, y = 2at between the ordinates corresponding to
t=1landt = 2.

17. Find the area of the region enclosed by the parabola y?> = 4ax and chord y =
Answers.
L ()x*+x3—x24+5x+C (i) 3232 = 2x% + 4x + C
Lax3 1 oxt 3 5 1
(111)?—;+C (IV)T_Ex +3logx+ 2x_2+C
(V)lj;2—1 ™ +4logx — —x2/3+C (vi) x +loglx — 3|+ C
ey 2 3 3
(V11) A + o (viii) = [(Sx +3)7 — (5x + 2)2] +C
. e3x x3  x?
(1X)T—2ex+log|x|+C (x)?—7+x+C
(“)X @ 1 1
(xi) a+2x+ =+ C (xii) §(x+1)3/2—§(x—1)3/2+6
log >
1 3
2. () 3(3x% +10x +2)7 + C (i) 3 (2 +logx)z +C (iii) logle* + e~*| + C
x—a 1 o,
(iv) —lOg xral +C (V) E(xz + 4)6 (vi) m
(vii) j}% (viil) = (1 +x8)52 + € (ix) 5 (x +logx)* +C
1 X e . Lot
(x) zlogle + x|+ C (x1)—1+ -+ C (xii) T"F +C
2xe3* 2 3 xn+1 xntl ey 1
- T + Z e>* (11) lng ) m (111) m e*
VArx2_—
(iv) x(logx)? — 2xlog x + 2x (v) # — zlog [2x +V4x? — 9|+ C
Vxr2-1 . 1 1, VaxZ4x+l
(vi) log v"_+1|+c (vii) 1—log|—— >+ 4+ C
V2x+Vx2+1 N1, o 1.5, 1
(viii) —2\/_1 8l +C (1x)2(x 1) log(1 + x) X x4+ C
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2 2
x2a* a*

(X) 2log a N 2(log a)?

x2+1
x243

4. (i) -log|lx — 1| + 2log|x — 2|+ C (jj)%]og

|+C

xtl 41+C (iV)—%log|2x+1| +§log|x—1|+log|x+1| +C

x—1 _-x—

(iif) 5 log
2
) _glog|3x — 2| = 7log|lx + 4|+ C (Vi)x? —x lOg|2xx+—25| +C

(vii) 5 log |x + 1]

—Zloglx? + 1]+ C

2(x+1)
x 1 . 7 13
(viii) log ej_1| —= T C (ix) log|x — 3| = =3 2(x-3)? t+C
3 _ g 4 Bbitbite _ p| 4 Slactbt) _
(x) a°>+ab +clog |x —al| + D0 log |x — b| + o) log|x —c| +k
. .. 3 ... 98 . 1 . 52
5. (1) 104 (i1) logE (111)? (iv) 1 (v) NG (vi) T
6. (i) clog2 (i) == (iii) 2(V122 — V12) (iv) 5 (log2)?
. .. i E E ) . loga+1__bgb+1
7. (1) 1 (i1) 213 log 3 (i) e (iv) og 2 log b
8. 27 9. 10. 18 1.2
6 2
15 32 76 4
12. - 13. 5 14.. 5 15.5
2 2
16. 22 17. 2
3 3m

2.13. Summary. In this chapter, we derived methods to find the integration of various functions by
using various methods. Also, Leontiff input-output model is discussed.
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